HARMONIC CLOSE-TO-CONVEX FUNCTIONS AND MINIMAL 

SURFACES 
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Abstract. In this paper, we study the family C® H of sense-preserving complex- 
valued harmonic functions / that are normalized close-to-convex functions on the 
open unit disk D with /z(0) = 0. We derive a sufficient condition for / to belong 
to the class C^. We take the analytic part of / to be zF(a, b; c; z) or zF(a, b; c; z 2 ) 
and for a suitable choice of co-analytic part of /, the second complex dilatation 
w{z) = fz/fz turns out to be a square of an analytic function. Hence / is lifted to 
a minimal surface expressed by an isothermal parameter. Explicit representation 
for classes of minimal surfaces are given. Graphs generated by using Mathematica 
are used for illustration. 



1. Introduction and Preliminary Results 

Denote by H the class of all complex-valued harmonic functions / in the unit disk 
D = {z G C : \z\ < 1} normalized by /(0) = = f z (0) - 1, and let S H be the 
set of univalent functions in H. For / G 7i, we have the canonical decomposition 
/ = h + g, where g and h are analytic on D. Here we call h the analytic part of / 
and g the co-analytic part of /. We have 

oo oo 

h(z) = z + ^2 a n z n and g(z) = ^ b n z n , z G D 

n=2 n=l 

and the Jacobian Jf(z) of / is 

J f (z) = \f z (z)\ 2 -\Mz)\ 2 =\h'(z)\ 2 -\g'(z)\ 2 . 

We say that the function / is sense-preserving in D if Jf(z) > in D. According to 
a result of Lewy [Sj, the condition Jf (z) > in D is necessary and sufficient for / to 
be locally univalent and sense-preserving. Further, / G % is sense-preserving in D 
if and only if g'(z) = u(z)h'(z), where u is analytic in D with < 1 in D. We 

observe that if g'(0) = 0, then u fixes the origin so that by the Schwarz lemma one 
has \co(z)\ < \z\ in D. 

For basic results about the theory of planar harmonic mappings we refer to [2] 
and the monograph of Duren 0. A function / G % is said to be convex (starlike, 
close-to-convex resp.) in D r := {z G C : \z\ < r} if it univalent in D r and /(D r ) 
is convex (starlike with respect to the origin, close-to-convex resp.). By /C#, S^, 
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and Cr, we denote the subclasses of functions in Sh that are convex, starlike, or 
close-to-convex in the unit disk D, respectively. By K° H) S^, and C° H , we mean the 
respective subclasses of functions / from ]C H , S%, and Ch such that /z(0) = b\ = 0. 

One of the effective methods of constructing harmonic close-to-convex mappings 
from conformal mappings is based on the following result due to Clunie and Sheil- 



Lemma A. If h,g are analytic in D with \h'(0)\ > \g'(0)\ and h + eg is close-to- 
convex for each e, |e| = 1, then f = h + g is close-to-convex in D. 

This lemma has been used to prove many important results. As a consequence 
of this result, in [13], the following result was established as a harmonic analog of 
Noshiro-Warschawski theorem (see (H Theorem 2.16, p. 47]). 

Lemma B. [13] Suppose f = h+g is harmonic on D such that Re (e n h'(z)) > \g'{z)\ 
for all zeD, and for some 7 G R. Then f is univalent, sense-preserving and close- 
to-convex in D. 

In 1980, Mocanu [10] (see also [13]) proved that if / = h+g is a harmonic mapping 
in a convex domain Q such that Re (h'(z)) > \g'(z) \ for all zefl, then / is univalent 
and sense-preserving in Q. An improved version of this results was given in [8j IT3"] . 
In order to discuss a general situation, it is appropriate to recall the following result 
due to Mocanu [TO] . 

Lemma C. Let G G C 1 (D) be univalent such that G(V>) is a convex domain and 
J G (z) > in D. Suppose that F e C^D), and 

ReI(F,G) > \I(F,G)\ forzeB, 



Then F is sense-preserving and univalent in D. 

Many functions that can be proved to be univalent by using this lemma are also 
found to be close-to-convex in D. In [12], the following lemma was proved which, for 
example, leads to the study of family of functions close-to-convex in D with respect 
to the convex function — log(l — z). 

Lemma D. Let f = h+g, where f and g are analytic in D such that h(0) = g(0) = 
and h'(0) = 1. Further, let G be univalent, analytic and convex in D. If f satisfies 



Small 0. 



where 



I{F,G) 




(1) 




for all z G D and for some 6 real, 
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According to Lemma [4j functions in J 7 are close-to-convex in D. As a consequence 
of this result, the following result was established in [12] together with some appli- 
cations associated with Gaussian hypergeometric functions. 

Lemma E. Suppose that f = h + g EH satisfies the following condition 

oo oo 

( 2 ) ^2\(n + l)a n+1 -na n \ + 

n+l ~ n ^n\ < 1 — \°1 1 

n=l n=l 

{fli = 1). Then f E J 7 . In particular, f is harmonic close-to-convex in D. 

In fact one can obtain the following improved version of Lemma [5] 

Corollary 1. Suppose that f = h + g E H satisfies the condition Then f E J-\, 
where 

T x = {f E H : |(1 - z)h'(z) - 1| < 1 - |(1 - z)g'(z)\, z E D}, 
and T\ C T . 

If we choose G(z) = (1/2) log((l + z)/(l — z)) in Lemma|4j it leads to the family 

T 2 = {fEU: Re{(l-z 2 )f z (z)}>\(l-z 2 )Mz)\, z GO}. 

According to Lemma |4j functions in JF2 are harmonic and close-to-convex in D. 
To state a stronger version of the conclusion, it is necessary to recall the following 
definitions. 

Definition 1. A domain D C C is called convex in the direction a (0 < a < it) 
if every line parallel to the line through and e ia has a connected intersection with 
D. A univalent harmonic function f in D is said to be convex in the direction a if 
/(D) is convex in the direction a. 

Obviously, every function that is convex in the direction a (0 < a < it) is neces- 
sarily close-to-convex, but the converse is not true. The class of functions convex in 
one direction has been studied by many mathematicians (see, for example, [31 EES]) 
as a subclass of functions introduced by Robertson [Hj. Now, we recall the following 
well-known result [2]. 

Lemma F. A harmonic function f = h + g locally univalent in D is a univalent 
mapping of D onto a domain convex in the direction of the real axis (resp. in the 
direction of the imaginary axis) if and only if h — g (resp. h + g) is a conformal 
univalent mapping of 'O onto a domain convex in the direction of the real axis (resp. 
in the direction of the imaginary axis). 

Paul Greiner [6] has constructed numerous examples using the method of shearing. 
However, by using this lemma, we can easily see that functions in Ti are not only 
close-to-convex but is also convex in the vertical direction. 

Lemma 1. Functions in JF2 are convex in the vertical direction. 
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Proof. Let F = h + g, where / = h + g G Ti. Then 

Re{(l-z 2 )F'(z)} = Re{(l-z 2 )(h'(z)+g'(z))} 

> Re{(l-z 2 )h'(z)}-\(l-z 2 )g'(z)\ 

= Re{(l-z 2 )f z (z)}-\(l-z 2 )Mz)\>0- 

From Theorem 1 of [7], it is clear that F is univalent and convex in the vertical 
direction in D. By (2J Theorem 5.3], it is evident that / = h + g is univalent and 
convex in vertical direction in D. □ 



Now, we present a sufficient coefficient condition for functions to be in the family 



T 2 . 



Lemma 2. Suppose that f = h + g 6 % satisfies the following condition 

oo oo 

(3) y^|(n+ l)a n+ i - (n - l)a n _i| + ^ |(n + l)6 n +i - (n - l)6 n -i| < 1 - |&i| 



n=l 



n=l 



(ai = 1). Then / E J 2 - particular, f is convex in the vertical direction in D and 
hence close-to-convex in D. 

Proof. Without loss of generality, we may assume that g(z) ^ 0. According to 
Lemma |4j it suffices to show that ([T]) holds for some convex function G. Now, we 
set G(z) = (l/2)log((l + z)/(l - z)). Then using @ we find that 

'fz(z) 



Re 



G'(z) 



= Re{{l-z 2 )h'(z)} 

too 
1 + Yl it™ + ~ ^ ~ l ) a n-l) zn 

n=l 

oo 

> 1 - ^ \{n + l)a n +i - (n - l)a n -il 

n=l 
oo 

> |6i| + 5^|(n + l)6 n+ i-(n-l)6 n _ 1 | 



> 



n=l 

oo 



= l(l-W)l 

The desired conclusion follows from Lemma HI 



6i + ^ ((n + l)6 n+ i - (n - l)b n ^)z n 

fz(z) 



n=l 



□ 



It is well known that the Euclidean coordinates of a minimal surface are harmonic 
functions of isothermal parameters. The projection of such surface onto the base 
plane defines a harmonic mapping. Conversely, a harmonic mapping which can 
be lifted to a minimal surface has a simple representation. Weierstrass-Enneper 
representation (see [3 p. 177, Theorem]) given below describes the relation between 
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a minimal surface defined by isothermal parameters and the corresponding harmonic 
mappings. 

Theorem G. If a minimal graph {(u,v, F(u,v)) : u + iv 6 Q} is parameterized by 
sense-preserving isothermal parameters z — x + iy gD, the projection onto its base 
plane defines a harmonic mapping w = u + iv = f(z) of D onto Q whose dilatation 
is the square of an analytic function. Conversely, if f = h + g is a sense-preserving 
harmonic mapping of D onto some domain Q with dilatation w = q 2 for some 
function q analytic in D, then the formulas 



define by isothermal parameters a minimal graph whose projection is f . Except for 
the choice of sign and an arbitrary additive constant in the third coordinate function, 
this is the only such surface. 

As an application, we consider a particular type of analytic part of /, involving the 
Gaussian hypergeometric function F(a, b; c; z), and a suitable co-analytic part of / so 
that dilatation ou(z) turns out to be a constant multiple of z n , n 6 N. When n is an 
even number, the dilatation is a square of an analytic function, hence the harmonic 
mapping can be lifted to a minimal surface expressed by isothermal parameters. 
Recently in [llj, the authors considered certain class of harmonic mappings convex 
in the horizontal direction with suitable dilatations u and discussed the minimal 
surfaces associated with these harmonic mappings. 

2. Applications 

For complex numbers a, b and c with c ^ 0,-1,-2,..., the Gaussian hyper- 
geometric function defined by the series 



is analytic in \z\ < 1, where (a, 0) = 1 for a ^ 0, and (a, n) = a(a + l)(a + 2) • • • (a + 
n — 1) for n G N = {1,2,...}. For Re a > and Re b > 0, we use the beta function 
B(a, b) defined by 



where T(a) is the usual gamma function. In what follows, we need the Stirling 
formula [U p. 57, Equation (5)] given by 
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3. Main Results 

Theorem 1. Let a > 0, b > 0, or a G C \ {0} with b = a, Re a > 0. Suppose that 
a, b, m G N and a G C are related by any one of the following conditions: 

(6) ab<\ and \a\(2B(a, b) - 1) < 1, 

(7) ab > maxjl, ^y^} and \a\ < 2B(a, b) - 1. 
T/ien t/ie harmonic function f given by 



az m+l , 

(8) /(z) = zF(a,b;a + b;z) + ^ |F(o, 6; a + 6; z) * F(2, m + 1; to + 2; z) j 

belongs to the class T\ (and hence, is close-to-convex in D wra£/j respect to — log(l — 
z)). Moreover, the dilatation of f(z) is az m . 



Proof. Following the standard notation, we let f(z) = h(z) + g(z), where 

oo 

h(z) = zF(a, b; a + b; z) = ^2 A n zH 

n=l 

and 

771. — \~ 1 TYl OO 

g{z) = ^—{F{a,b;a + b;z)*F(2,m+l;m + 2;z)} = Vc n z n , 
m + 1 I ) m + 1 

ra=l 

with 

(o,w- l)(6,n- 1) 
n (a + 6,n-l)(l,n-l)' " ' 

and 

(2,n-l)(m + l,n-l) 
° n ~ n (m + 2,n-l)(l,n-l)' " 
Here * denotes the usual Hadamard product (convolution) of power series. We see 
that Ai = 1 = Ci, A n > and C n > for all n > 1. Now, f(z) takes the form 

oo oo 

f( z ) = Y^A n z n +^— B n^, 

n=l n=m+l 

so that B\ — B 2 — ■ • ■ — B m = and B n = C Tt _ m for n > to + 1. Further, a simple 
calculation gives 

nA n - (n + l)A n+1 = — — rrX(n), n > 1, 

n(a + o + n — 1) 

where 

X(n) = (n - 1)(1 - ab) + a + b - lab. 
Similarly, a computation shows that for n > to + 1, 

n£ n - (n + l)£ n +i = t w~ ( — —r^ tt^W, 

(ra — m) z (a + b + n — m — 1) 

where 

y(n) = (n - m - 1)(1 - a&) + a + 6 - 2a&. 
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In order to apply Corollary [I] together with (J2|) , it is convenient to write 

T:=T 1 + (|a|/(m + l))T 2 , 

where 

oo oo 

Ti = )] l(n+ l)A n+ i - nA n | and T 2 = 2J |(" + l)-Bn+i - n>S n |, 

n=l n=l 

with B\ = B 2 = ■ ■ ■ = B m = 0. Clearly, by Corollary pR / e Ji (and hence, / is 
close-to-convex with respect to — log(l — z)) if T < 1. Thus, to complete the proof, 
it suffices to show that T < 1 under the hypotheses of the theorem. 
Case (a): Suppose that 1 — ab > 0. Then 



1 1 1 

- + ->- 
aba 



+ t > ~ + a>2, 



and so a + b — 2ab > 0. In view of this observation and (|6j), it is clear that X(n) > 
X(l) > for all n > 1. Similarly, Y(n) > Y(m + 1) > for n > m + 1. Thus, T x 
can be written as 



k 

Ti = lim V (nA n - (n + l)A n+1 ) 

fc— »oo * — ' 



n=l 



1 - lim (fc + l)A fc+ i 

A:— >oo 

i _ ^ . h _ (a,k)(b,k) t (a,k)(b,k) 



k^oo\ (a + b,k)(l,k) (a + b,k)(l,k) 

ab , (0+ l,fc - 1)(6 + 1, fc - 1) , (a,k)(b,k) 
1 r hm -; — — ; — lim 



a + b k^oo (a + b + 1, k — 1)(1, A; — 1) fc^oo (a + 6, fc)(l, fc) 
Thus, by the Stirling formula ([5|, we get 

f9) Tl = ! _ J* na + b+l) = _ _JL_. 

v ; a + bT(a + l)T(b+ 1) 5(0,6) 

Next, as i?i = i?2 = • • • = -B m = and Y(n) > for all n > 2, we have 

00 

T 2 = \(m+l)B m+1 -mB m \+ ^ \{n + l)B n+1 - nB n \ 



n=m+l 

k 



1) + lim V (n£ n - (n + l)£„+i) 

fc— >nn ' » x ' 



k— >oo 

n=m+l 



[m 



+ 1) + lim Um + 1) - (k + l)B k+1 ) 

k— >oo 



2(m + 1) - lim (Jfe + l)B k+v 

k—>oo 



+ (m + 1 
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In order to compute the limit on the right hand side, we rewrite (k + l)Bk+\ as 

, (a,k — m)(b,k — m) (2, k — m)(m + 1, k — m) 

{k + l)B k+1 = (fc-ro) — r ? — — — 

(a + o,k — m)(l, k — m) [m + 2, k — m)[l, k — m) 

(a, k — m)(b, k — m) (2, k — m)(m + 1, k — m) 

(a + b, k — m)(l, k — m) (m + 2,k — m)(l, k — m) 

Applying the Stirling formula ^ as above, we easily obtain that 

Combining ^ and (10), we have 

1 + \a\ 
B(a,b)' 

Under the hypothesis (j6|, it is clear that T < 1 and therefore f € J- 1 . 



T = l + 2\a\ - 



Case (b): Suppose that ^ holds. Then ab > 1 and 2ab > a + b so that X(n) < 
-^(1) < for all n > 1. Similarly, it follows that for all n > m + 1, y(n) < 
F(m + 1) < 0. Consequently, as in the proof of Case (a), the sum T takes the form 

k , , k 

T = lim V ({n + l)A n+1 - nA n ) + lim V ((n + - nB n ) 

n=l n=m 

1 A Id 



B(a,b) ) B(a,b)' 

Therefore T < 1 holds and thus, it follows that / £ T\ under the condition ([7]) and 
the above relation. 

Finally, from the power series representation of h(z) and g(z) it is easy to see that 

= A (a,n-l)(6n-l) (2,n-l)(m + l,n-l) 

yv; m + (a + 6,n-l )(l,n-l )(m + 2,n-l (Ln-lV ' 

71=1 

Since (a, n)(a + n) = a(a + 1, n), we may rewrite the last series as 

(a, n — l)(b, n — 1) 



oo 



g'{z) = a^V . v = «* m *'(*)- 

^ (a + 6,n - l)(l,n - 1) 



Therefore the dilatation of /(z) is = g'(z)/h'(z) = az m . □ 

Corollary 2. Assume the hypotheses of Theorem^ on a,b,m and a. In addition, 
if m = 2k, then the formula (Re(f(z)),lm(f(z)),t(z)) defines a minimal surface, 
where 



f(z) = zF(a } b;a + b;z) + -<F(a, b;a + b;z)* F(2, 2k + l;2k + 2; z) \ 

2k + 1 l J 



2k + 

and 



t(z) = 2Im(^^ [F(a,b;a + b;z)*F(2,k + l;k + 2;z)]\ + c, cG 

I k + 1 j 
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Proof. Theorem [T] gives that f(z) is univalent in D. From the definition of f(z), we 
see that the second complex dilatation u>(z) = q 2 (z) = az 2k , which is a square of 
an analytic function. Therefore by the Weierstrass-Enneper theorem (see Theorem 
[7]), the function / can be lifted to a minimal surface using the formula Q. By 
considering the power series representation of h(z) it is easy to see that t(z) takes 
the form 

t(z) = 2Irn { [F(a, b;a + b;z)* F(2, k + 1; k + 2; z)]\ + c, c G R. 

This completes the proof. □ 

In the case a, b > 0, we may reformulate Theorem [T] in the following form. 

Corollary 3. Let a>0,l>fl,m6i and a G C satisfies any one of the following 
conditions 

a G (0, 00), b G (0, — j and \a\(2B(a, b) - 1) < 1, 
V aJ 

a E (-, 00) , b G -, 00) and \a\ < 2B(a, b) — 1. 

Then the harmonic function f(z) defined in ^ is close-to-convex in D. 

Example 1. If we let a — 1, and b = 1 in Corollaries^ and\3^ then we have the 
following: J/meN and a G C such that < \a\ < 1, then the function 



f(z) = zF(l, 1; 2; 2) + / F(2, m + 1; m + 2; t) dt 

m + 1 y 

belongs to T\. Using the derivative formula 

F(a + 1, b + 1; c + 1; z) = ^rF'(a, b; c; z), 

ab 

the above integral can be computed and as a consequence, we conclude that 



ctz 

f{z) = - log(l - z) + m; m + 1; z) - 1) 

m 



belongs to T\. In particular, 
(11) 



and 



- log(l — z) — a(z + log(l — z)) if m = 1, 

- log(l - z) - (a/2) (22; + ^ 2 + 2 log(l - 2)) ifm = 2, 
-log(l - z) - (a/6) (62: + 3z 2 + 2z 3 + 61og(l - g) if m = 3, 

- log(l - z) - (a/12)(122 + 6z 2 + 4z 3 + 3z A + 12 log(l - zj) if m = 4, 



/(*) = 



- log(l-z)-(a/60)(60z + 3(k 2 + 2(k 3 + 15^ 4 + 12z 5 + l(k 6 + 601og(l - z)) 
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form = 6. Especially, when m = 2,4, 6 the above harmonic mappings can be lifted to 
minimal surface inl 3 whose coordinates are given by the formula (Re (f(z)), Im (f(z)), 
where 

' -2Im{<v/a(2 + log(l - z))} ifm = 2, 

t{z) = { -Im{v^*(2z + z 2 + 21og(l - z))} if m = 4, 

-(l/3)Im {y/a{6z + 3z 2 + 2z 3 + 6 log(l - z))} if m = 6. 



The images of the disk \z\ < r for r closer to 1 under /(z) in (11) for certain 
values of m, a and the corresponding minimal surfaces are shown in Figures [l](a)- 
(c). These figures are drawn by using Mathematica. 

Theorem 2. Let a > 0, b > 0, or a G C \ {0} with b = a, Re a > 0. Suppose that 
a, b, m G N and a G C are related by any one of the following conditions: 

(12) ab < mini-, and \a\(B(a, b) - 1) < 1, 

(13) a6>max|-, — ^— | and \a\ < B(a, b) — 1. 
JTien i/ie harmonic function f given by 



(14) /(z) = zF(a, b;a + b; z 2 ) + <^ F(a, b;a + b; z 2 ) * F(2, m + 1; m + 2; z) \ 

m + 1 I J 



m + 

belongs to Ti (and hence, f is convex in the vertical direction). Moreover, the 
dilatation of f(z) is az m . 

Proof. As in the proof of Theorem [lj we let f(z) = h(z) + g(z), where 

oo 

h(z) = zF(a, b;a + b; z 2 ) = A^n-i^ 

n=l 

and 

y m+l 



_2n-l 
\Z 



g(z) = ^— \F(a, b-a + b- z 2 ) * F(2, m + l;m + 2; z)\ = ^— V C : 
m + 1 I Jm + 1 z — ' 

with 



n=l 



(q,n-l)(6,7i-l) 
(a + o, n — 1)(1, n — 1) 

and 

(2,2n-2)(m + l,2w-2) 
° 2 "- 1 ~ ^ (m + 2, 2n - 2)(1, 2n - 2) ' " ~ 
For convenience, we set Ci n -\ = B2 n + m -i so that 



f( Z ) = V^!^- 1 + -^rEWl^ 1 - 

*— i m + 1 i 



- + - i 

n=l ra=l 



A simple calculation gives 



(2n - l)A 2n _! - (2n + l)A 2n+a = . ^ 1 -l(n), n > 1 

n(a + o + n — 1) 



o 
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Figure 1. Images of f(z) and the corresponding minimal surfaces 
for the indicated values of m and a 



12 S.Ponnusamy, A. Rasila, and A. Sairam Kaliraj 

where 

X(n) = (n - 1)(1 - 2ab) + a + b - 3a6. 
and by assumption p2[ ), X(n) > is satisfied. Similarly, for n > 1, 

/q , , Q . | i \ n (2n + m - l)B 2n +m-i v( , 

(2n + m- l)B 2n + m -i - (2n + m + l)B 2n+m +i = —n, ttt — 7s X \ n )- 

n(2n — l)(a + b + n — 1) 

Again, let T := T\ + (|a|/(m + 1))T 2 , where 

oo oo 

Ti = J2\( n + l ) A n+i ~(n- l)A n ^\ and T 2 = ^ |(n + l)5 n+1 - (n - l)S„_i|, 

n=l n=l 

with Bi — B 2 — ■ ■ ■ — B m = 0. By Lemma |2j it suffices to show that T < 1. 

Following the proof of Theorem [TJ the series 7\ and T 2 may be computed easily 
and see that 

2 . 2|ot| 

r = 1 - — + 2a 



5(0,6) 1 1 B(a,b)' 



Under the hypothesis (12), T < 1 and therefore / £ T 2 . 
Similarly, when (13) holds, X(n) < so that T reduces to 

2 2\a\ 
- 1 + 



B(a,b) B(a,b)' 



Therefore the conclusion T < 1 follows from (|13j) and the above relation. 

Finally, from the power series representation of h(z) and g(z) it is easy to see that 

a '( z ) = a V s (a ' ^ - X) (6, H - ^ (2 ' 2n - 2) (m + 1; 2n - 2) f2u I m lk 2n+m - 2 
yi J m + 1 ^ {a + b,n- l)(l,n - 1) (m + 2,2n- 2)(l,2n - 2) 1 ; 

Since (a, n)(o + n) = a(a + 1, n), we may rewrite the last series as 

g '( z ) = az m V Kn-l)(&n-l) _ 2n _ 2 = ra/ , /( j_ 

Therefore the dilatation of f(z) is w(z) = g'(z)/h'(z) = az m . □ 

Corollary 4. Suppose a, b, m and a satisfies the hypothesis of Theorem^ and further 
m = 2k. Then the formula (Re (f(z)), Im (f(z)), t(z)) defines a minimal surface, 
where 



f(z) = zF(a, b-a + b- z 2 ) + b;a + b; z 2 ) * F(2, 2k + l;2k + 2; z) J 



2k + 

and 

v k+l 



t(z) = 21m | ^ Z + - [F(a, b;a + b; z 2 ) * F(2, k + 1; k + 2; z)\ } + c, c€ 



+ 

whose projection is f(z). 
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Proof. The result follows from the previous theorem and the Weierstrass-Enneper 
representation for minimal surface whose coordinates (u, v, t) in M 3 is given by 

ti = Re (/(*)), v = lm(f(z)), t(z) = 21m { J\(Qti(Q d(}. 

By considering the power series representation of h(z) it is easy to see that t(z) 
takes the form 

i — fc+i 

t(z) = 2Im{^^ — \F{a,b;a + b;z 2 ) * F(2,k + l;k + 2; z)] \ + c, c G M. 



+ 

This completes the proof. 



□ 



Remark 1. From Lemma[T]it is clear that the function f(z) in (14) is not only close- 
to-convex in B, but also convex in the vertical direction in D. Using (2j Theorem 
5.3], it is easy to see that the conformal pre-shear of f(z) defined by 

OLZ™^^ f 1 

<f>(z) = h(z)+g(z) = zF(a,b;a+b;z 2 )^ \F(a,b; a+b; z 2 )*F(2, m+1; m+2; z) \ 

m + 1 I J 

is univalent and convex in the vertical direction in D. 

Corollary 5. Let a > 0, b > be such that 

1 

'' 2a 
a 



be 



0. 



0. 



3a- 1 



i/o6(0,i]U[l,oo), 
ifae [1,1], 



and a G C satisfies the condition \a\(B(a,b) — 1) < 1. Then the function f(z) 
defined in (14) belongs to the class 



Proof. In order to prove the result, it suffices to show that the above conditions 



imply ([12]). When < b < (l/2a), it is clear that ab < 1/2. If < a < 1/3, then 

1 1- 



3a — 1 < and hence 3a6 < a + b. We have 



1 a „ 

b < — < , if a G , 

~ 2a ~ 3a - 1' V3 2\ 



U [l,oo), 



which again implies 3a6 < a + b. When a=l/3, the inequality 3a6 < a + b holds. 



6 < < — if a G 

3a — 1 2a 

Combining these observations, we get the result. 



□ 



Corollary 6. Let a > 0, b > be such that 
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and a E C satisfies the condition \a\ < B(a,b) — 1. Then the function f(z) defined 



in (14) belongs to the class T?,- 



Proof. The condition 

ab > max j^, 
can be rewritten as 

for (a- l)(a- 1/2) > 0, 
for (a - 1) (a - 1/2) < 0. 



b > max 



1 a 




2a' 3a — 1 

Since a is positive, a/(3a — 1) > if a > 1/3. The result follows from the above 



inequality and (13). □ 



Example 2. If b E (0, 1/2), m E N and a E C such that < |a| < 6/(1 - 6), then 
the function 



f{z) = zF(l, 6; 1 + 6; z 2 ) + 7^(1, 6; 1 + 6; z 2 ) * F(2, m + V, m + 2; z) \ 

m + 1 I J 

belongs to the class T% and hence f is close-to-convex in D. 



The images of the disk \z\ < r for r closer to 1 under f(z) in (14) for certain values 
of a, 6, m, a and the corresponding minimal surfaces are shown in Figures [2](a)-(e). 
As mentioned in the Remark [T] functions present in the class Ti are convex in the 
vertical direction. 
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The image of the harmonic mappings in Figures |2](a)-(e) together with the cor- 
responding conformal pre-shears are shown in Figures [3](a)-(e). 
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(c) a = 1, b = 0.5, m = 6 and a = 1 




2 -2 




(d) a — 1,6 = |, m = 4 and a 





2 and a 



0.871(l+t) 



3' "" " " 

Figure 3. Images of f(z) and the corresponding conformal pre- 
shears for the indicated values of a, b, m and a 
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